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Abstract 



By exploring the relationship between the propagation of electromagnetic 
waves in a gravitational field and the light propagation in a refractive medium, 
it is shown that, in the presence of a positive cosmological constant, the veloc- 
ity of light will be smaller than its special relativity value. Then, restricting 
again to the domain of validity of geometrical optics, the same result is ob- 
tained in the context of wave optics. It is argued that this phenomenon and 
the anisotropy in the velocity of light in a gravitational field are produced by 
the same mechanism. 



*This essay received an "Honorable Mention" in the Annual Essay Competition of the Gravity 
Research Foundation for the year 2000. 
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I. INTRODUCTION 



The cosmological constant was introduced by Einstein with the purpose of obtaining 
static solutions to the gravitational field equations. Denoting by eA the cosmological con- 
stant, with A positive and e = ±1 specifying the sign of the cosmological constant, Einstein's 
modified equation reads [I] 

1 4ttG 
R\h> ~ 2 9(iuR + eAg^ = —^-T^ , (1) 

where T^ v is the matter energy- momentum tensor, G is the Newton constant, and c is the 
vacuum speed of light. Vacuum here means absence of matter (T^ = 0) and no cosmological 
constant (A = 0). The basic vacuum solution to Einstein's equation is the Lorentz metric 
of (the special relativity) Minkowski spacetime. 

In the absence of matter, but with a nonvanishing cosmological constant, Eq. (JJ) becomes 

R^u ~ \ 9^R + eAg^ = , (2) 

whose main solutions are the de Sitter metrics. The introduction of the cosmological con- 
stant, therefore, amounts to replace Minkowski by a de Sitter spacetime as the spacetime 
representing absence of matter. They are spacetimes of constant curvature, in which the 
Riemann tensor is completely determined by the scalar curvature. Equivalently, as the scalar 
curvature R is proportional to A, we can say that in such spacetimes the Riemann tensor is 
completely determined by the cosmological constant. 

There are two kinds of de Sitter spaces, one with positive, and another one with neg- 
ative curvature [[J. They can be defined, respectively, as hypersurfaces in the pseudo- 
Euclidean spaces E 4 ' 1 and E 3 ' 2 , inclusions whose points in Cartesian coordinates £ A (A, B, . . . 
= 0, . . . , 4) satisfy 

rj AB ^ B = rj^ + e (e) 2 = eTZ\ (3) 

where 1Z is the de Sitter pseudo-radius, rj^ (fi, v, . . . = 0, 1, 2, 3) is the Lorentz metric rj = 
diag (—1, 1, 1,1), and the notation 7744 = e has been introduced. 

The de Sitter space ^5(4, 1), which can be immersed in a pseudo-Euclidean space E 4 ' 1 
with metric i]ab = diag (—1, +1, +1, +1, +1), has the pseudo-orthogonal group 5 , 0(4, 1) as 
group of motions. It is a one-sheeted hyperboloid with topology R 1 x S 3 , and positive scalar 
curvature. Therefore, it is a spacetime intrinsically related to a positive cosmological con- 
stant. The other, which can be immersed in a pseudo-Euclidean space E 3 ' 2 with metric tjab 
= diag ( — 1, +1, +1, +1, —1), is frequently called anti-de Sitter space, and is denoted dS(3, 2) 
because its group of motions is £0(3,2). The anti-de Sitter space is a two-sheeted hyper- 
boloid with topology S 1 x R 3 , and negative scalar curvature. It is, therefore, a spacetime 
intrinsically related to a negative cosmological constant. 

From now on, we are going to consider the case of a positive cosmological constant only. 
In stereographic conformal coordinates x M 0, the de Sitter line element dY? = t\ab d^ A d^ B 
is found to be 

dS 2 = dx^dx u , (4) 
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where 

g^ u = tt 2 (x)r]^, (5) 

with Q(x) a given function of x M . The de Sitter spaces, therefore, are conformally flat, with 
Q 2 (x) as the conformal factor. 

Under an appropriate change of coordinates the de Sitter line element dH 2 can be 
rewritten in the form k, . . . = 1, 2, 3)[] 

dY? = -dr 2 + n 2 (r)5 ij dx i dx j , (6) 

where 

n{r) = exp r , (7) 
with t = ct. In these coordinates, therefore, the de Sitter metric is 

<?oo = 2 00 = -l ; g ij = n 2 {r)5 ij , (8) 
which yields a spacially flat spacetime, with the spacial components of the Ricci tensor given 

by 

Ri j = | V ■ (9) 

II. GEOMETRICAL OPTICS REVISITED 

In a flat spacetime, the condition for geometrical optics to be applicable is that 

A < I , (10) 

where A is the electromagnetic wavelength, and / the typical dimension of the physical 
system. Under such condition, any wave-optics quantity A which describes the wave field is 
given by a formula of the type 

A = ae irp , 

where the amplitude a is a slowly varying function of the coordinates and time, and the 
phase (ft, called eikonal, is a large quantity which is almost linear in the coordinates and the 
time. The time derivative of (p yields the angular frequency of the wave, 



whereas the space derivative gives the wave vector 



L For the sake of simplicity, we shall use the same notation (ct,rc*) for the new coordinates. 
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The characteristic equation for Maxwell's equations in an isotropic (but not necessarily 
homogeneous) medium of refractive index n(r) is 



\dr~) c 2 \dt) 
which implies the usual relation 



, (13) 



k 2 = n 2 (r) ^ . (14) 
cr 



Without loss of generality, we can assume a characteristic surface in the form 

(j>(x, y, z,t) = - ip(x, y, z) - ut = , 
c 

and we fall upon the eikonal equation under the form 



'dip 
dr 
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n\r) . (15) 



The wave fronts are surfaces given by ip(x,y, z) = constant [[|. A light ray is defined as 
a path conjugate to the wave front in the following sense. If r is the position vector of a 
point on the path, with the path length s as the curve parameter, and 

ds = {5ijdx l dx^ ^ (16) 

as the length element, then 

dr 



(17) 



(18) 



ds 

is the tangent velocity normalized to unity. The light ray is then fixed by 

dr dip 
ds dr 

We may eliminate ip by taking the derivative with respect to s. The result is f|] 

_ I ( d k n _ u V9.n) = , (19) 
ds n v ' 

which is the differential equation for the light rays. The equations for the light rays are the 
characteristic equations for the eikonal equations, which are themselves the characteristic 
equations of Maxwell's equations. For this reason they are called the bicharacteristic equa- 
tions of Maxwell's equations. For a homogeneous medium, the refractive index n does not 
depend on the space coordinates, and the light-ray equation becomes 



ds 

which represents straight lines. 



0, (20) 
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III. LIGHT RAYS VERSUS GEODESICS 



As is well known, there exists a deep relationship between optical media and metrics ||. 
This relationship allows to reduce the problem of the propagation of electromagnetic waves 
in a gravitational field to the problem of wave propagation in a refractive medium in flat 
spacetime. In fact, for the specific case of the de Sitter spacetime, with the metric given by 
Eq. the curved spacetime eikonal equation for a n — 1 refractive medium, 

r 84LpL = 0] (21) 

y dx>* dx u y ' 

coincides formally with the flat-spacetime eikonal equation (|13|) , valid in a medium of re- 
fractive index n. For this reason, is usually called the refractive metric. 

As a consequence of this relationship, it is possible to show that the light ray equations 



( 19 ) for a medium of refractive index n are equivalent to the 3-dimensional geodesies of the 



refractive metric gij, 

— + t,V = , (22) 

(IT 

with the proper time r defined in Eq. (|||), and T k ij the Christoffel of the metric g^. As in the 
de Sitter spacetime, which is a homogeneous space, g^ depends only on the time coordinate, 
r ij will be zero, and the geodesies are simply 



dr °- < 23) 
As far as light rays are concerned, the 3-dimensional geodesies correspond to null geodesies 
of the de Sitter spacetime. Therefore, we see from (Eh and (|T6|) that 



dr = n(r) ds . (24) 

We notice now that there are two velocities at work here. First, there is the flat-space 
light-ray velocity 

" ' = It • (25) 

which is normalized to unity. Equivalently, due to the relationship alluded to above, v) can 
also be interpreted as the light-ray velocity in a medium of refractive index n — 1, that 
is, as the vacuum light-ray velocity. Second, there is the light-ray velocity in a de Sitter 
spacetime, 

*> = % , (26) 

which can also be interpreted as the light-ray velocity in a medium of refractive index 
n{r). These two velocities are related by v = n~ 1 (r)u, or equivalently v = n _1 (r). In a 
dimensional form, therefore, the relation becomes 

v = n -\T)c. (27) 

As n(r) > 1, we see that, in the presence of a positive cosmological constant, the velocity 
of propagation of light will be smaller than its Minkowski (vacuum) value. 
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IV. LIGHT WAVES IN A DE SITTER SPACETIME 



We are going to show now that the same result can be obtained in the context of wave op- 
tics, provided we restrict ourselves to the domain of geometrical optics. Let us then consider 
the electromagnetic field equations in a de Sitter spacetime. Denoting the electromagnetic 
gauge potential by A^, and assuming the generalized Lorentz gauge V^A^ = 0, with V u the 
usual Christoffel covariant derivative, the first pair of Maxwell's equations is 

UA„ - R»A V = , (28) 

where □ = g Xp V \V p . Since only electromagnetic waves will be under consideration, we set 

A = . (29) 

Furthermore, substituting the spacial Ricci tensor components (§), Eq. (|28"D becomes 

uA s - | Aj = . (30) 

Sometimes, for the specific case of a de Sitter spacetime, the term involving the cosmological 
constant is considered as a background-dependent mass term for the photon field. However, 
as already discussed in the literature [|J, this interpretation leads to properties which are 
physically unacceptable. In fact, as the Maxwell equations in four dimensions are confor- 
mally invariant, and the de Sitter spaces are conformally flat, the electromagnetic field must 
propagate on the light-cone 0, which implies a vanishing mass for the photon field. 

Assuming a massless photon field, therefore, we take the monochromatic plane-wave 
solution to the field equation (|30|) to be 



Aj = cij exp[i x M ] , (31) 
where polarization vector, and 

is the wave-number four- vector, with u(k) the angular frequency. In order to be a solution 
of (|3~0"D, the following dispersion relation must be satisfied: 



u(k) 



n{r) 



By interpreting 



1 i 



(32) 



n(r) A 1 / 



2 ' 



as the typical de Sitter universe dimension, and remembering that k ~ A 1 , the condition 
( [TO]) for geometrical optics to be applicable turns out to be 
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k > n(r) A 1/2 . 

In this domain, therefore, the dispersion relation (|32l) assumes the form 

k 

u{k) = c——, (33) 

and the corresponding velocity of propagation of an electromagnetic wave, given by the 
group velocity, is 

.^ = .-H=, (34) 

which is the same as (Wh- 



V. FINAL REMARKS 

By considering the domain of geometrical optics, that is, for electromagnetic waves sat- 
isfying the condition 

a« 1 



n(r) A 1 / 2 ' 

we have shown that, in the presence of a positive cosmological constant, light propagates 
with a velocity smaller than c. It is important to remark that it is not c that has a smaller 
value, but the velocity with which light propagates that is smaller than c, in a way quite 
similar to the light propagation in a refractive medium. This phenomenon seems to be 
produced by the same mechanism that produces the anisotropy in the velocity of light 



in a gravitational field [ lOf . There is a difference, however: As the de Sitter spacetime is 
isotropic and homogeneous, the mechanism that produces the anisotropy would, in this case, 
act equally in every point and in all directions of spacetime, yielding an isotropic smaller 
velocity of light in relation to the corresponding special relativity velocity c. 

There exist several theoretical and experimental indications of a possible non-vanishing 
value for the cosmological constant. For example, inflation requires a very high cosmological 
constant at the early stages of the universe f|. Another example is the recent measure- 
ments based on observations of very distant type la supernovae, which provided a record 
of the changes in the expansion rate of the universe over the last several billion years. Ac- 
cording to these observations, a non-vanishing cosmological constant must be at action to 
produce the observed rate of expansion. If these indications turn out to be confirmed, the 
velocity of light in such Universe might be smaller than its vacuum velocity c. This result 
may have important implications to cosmology. 
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